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ABSTRACT: Shape-memory polymers (SMPs) are an emerging class of active polymers that can be used on a wide range of reconfigur-

able structures and actuation devices. In this study, an epoxy-based SMP was synthesized, and its thermomechanical behaviors were

comprehensively characterized. The stress–strain behavior of the SMP was determined to be nonlinear, finite deformation in all

regions. Strain-energy-based models were used to capture the complicated stress–strain behavior and shape-recovery response of the

SMP. Among various strain energy functions, the stretch-based Ogden model provided the best fit to the experimental observations.

Compared to the sophisticated models developed for SMPs, the strain-energy-based model was found to be reliable and much easier

to use for practical SMP designs. VC 2015 Wiley Periodicals, Inc. J. Appl. Polym. Sci. 2015, 132, 41861.
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INTRODUCTION

Shape-memory polymers (SMPs) are a group of active materials

that that have been considered for the development of reconfig-

urable structures and actuation devices.1–5 The shape-memory

effect in polymers stems from their unique molecular structures.

A typical polymer is a mixture of many long, entangled molecu-

lar chains that are connected via characteristic netpoints (chem-

ical crosslinking or physical crosslinking).6 At temperatures

higher than the glass-transition temperature (Tg), those polymer

chains are relaxed and flexible. As a result, the polymer becomes

soft and is characterized as being in the rubbery state. When an

external stress is applied, the polymer chains can be readily

deformed, and the netpoints may also be displaced. As the tem-

perature is reduced below the transition temperature while the

polymer maintains its predeformed shape, some secondary

crosslinks can be formed among those deformed polymer

chains. These help fix the polymer in the temporary shape once

the external stress is removed. When the polymer is reheated

above its transition temperature, those secondary crosslinks are

released, and the original shape is recovered.

The design of SMP-based structures and devices requires thor-

ough characterization and constitutive modeling of the thermo-

mechanical behavior of the materials. Many phenomenological

and micromechanics-based constitutive models are available for

SMPs, although most of them have focused on small deforma-

tions (<10% nominal strain for compression or tension).

Tobushi and coworkers7,8 have developed a spring–dashpot sys-

tem to model the behavior of SMPs for small deformations.

The model was later improved by the incorporation of thermal

expansion and some nonlinear elastic terms.9,10 Srinivasa and

Gosh11 subsequently developed a rheological-based model by

also using the spring–dashpot analogy. A phenomenological

based model was developed by Liu et al.,12 in which the SMP is

treated as a material consisting of two phases: the frozen phase

and the active phase. The material becomes frozen at low tem-

peratures and then active upon heating; this allows the stored

deformation to return to the original shape. Following the

framework of Liu et al., Chen and Lagoudas13,14 developed a

three-dimensional constitutive model for SMPs.

The existing models often have a large number of material

parameters, for instance, more than 17 in the model of Qi

et al.,15 18 in the model of Hong et al.,10 and up to 45 in the

model of Srivastava and Gosh.11 To accurately acquire such a

large number of material parameters would require specific

experiments and complex calibration processes. Therefore,

although some models are very comprehensive and capable of

capturing the complex behaviors of SMPs, they are difficult to

use in practice, and none of these models have been imple-

mented in commercial analysis codes. In this study, an epoxy-

based SMP was synthesized, and its thermomechanical behavior

was characterized by compression. Strain energy functions,

commonly used for the modeling of the large deformation of

elastomeric materials, were used to model the stress–strain and

shape-recovery responses of the SMP.
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EXPERIMENTAL

Materials and Sample Preparation

An epoxy-based SMP was used in this study. The polymer was

composed of the following substances: (1) diglycidyl ether of

bisphenol, an epoxy monomer (EPON 826, available from Hex-

ion); (2) a curing agent, poly(propylene glycol)bis(2-amino-

propyl) ether (Jeffamine D230, available from Huntsman); and

(3) neopentyl glycol diglycidyl ether (NGDE), manufactured by

TCI America. The chemical structures of these reactants are

shown in Figure 1. To synthesize the SMP, the EPON 826 was

first placed in the furnace and heated to 80�C for 10 min to

reduce its viscosity. The treated EPON 826 was then removed

from the furnace and mixed with the other two ingredients.

The solution was stirred for 15–30 s to ensure the proper mix-

ing and then placed in vacuo at 20-in. Hg for about 2 min to

remove the bubbles that developed during the mixing. The liq-

uid SMP was subsequently poured into a cylindrical Teflon

mold and placed in a furnace for curing at 100�C for 1.5 h.

After cooling, the samples were removed from the mold and

polished to ensure smooth surfaces.

Transition Temperature

The transition temperature of the SMP was characterized with dif-

ferential scanning calorimetry (DSC; PerkinElmer Pyris1 differen-

tial scanning calorimeter). We operated he DSC instrument by

recording the amount of heat required to increase the temperature

of the material versus a change in the temperature. Small-sized

samples, weighing about 5 mg, were used for the experiment. The

sample was heated from 25 to 70�C at a rate of 2�C/min.

Stress–Strain Tests

The stress–strain behavior of the SMP was obtained through an

isothermal, uniaxial compressive test conducted on a BOSE

ElectroForce load frame system. The specimens were small cyl-

inders with a nominal height of 11 mm and a nominal diameter

of 6.25 mm. In each test, the specimen was first placed on the

bottom testing platen and then heated up to a desired tempera-

ture, from 30 to 60�C. A minimum of 10 min was given to

allow the specimen to reach thermal equilibrium. The uniaxial

compressive tests were conducted under the force–control mode

through the application a compressive force of up to 2000 N at

a rate of 2 N/s.

Shape-Recovery Tests

The shape-recovery tests were conducted with cylindrical shaped

specimens, the same size specimens as used in compressive tests.

The tests were carried out in a servohydraulic MTS LandMark

testing system equipped with a custom built cooling–heating

system. An Omega CN8200 temperature controller was used to

control the temperature of the thermal chamber. The actual

temperature of the sample was measured by a K-type thermo-

couple attached to the sample and the compression grips. The

shape-recovery tests followed the standard thermomechanical

cycle. First, the specimen was placed on the bottom testing

platen and then heated to the rubbery state (60�C). After the

temperature reached equilibrium, the specimen was compressed

to a desired strain (e0 � 18%). With the strain held constant,

the specimen was cooled to the glassy state (12�C). Once the

cooling was completed, the load was removed, and the SMP

remained fixed. Finally, the specimen was reheated to the origi-

nal temperature (60�C) for recovery (unconstrained recovery).

The rate of heating or cooling used in the experiment was kept

constant, that is, at 2�C/min.

STRAIN-ENERGY-FUNCTION-BASED MODELING

For isotropic, incompressible materials that are subjected to

uniaxial tension or compression, Rivlin16 showed that

r

ðk2k22Þ
¼ 2

@W

@I1

1
1

k
@W

@I2

� �
(1)

where r is the engineering stress, k is the stretch ratio, and W

represents the strain energy function:

W ¼ f I1; I2; I3ð Þ

where I1, I2, and I3 are the three invariants given in terms of

the principal stretch ratios k1, k2, and k3, respectively.

Mooney–Rivlin Strain Energy Function

There exist various strain energy functions for modeling materi-

als that undergo finite deformation. By assuming impressibility

(I3 5 1), Rivlin16 proposed that the strain energy function be

expressed in the power series:

W ¼
X1

i1j¼1

CijðI123ÞiðI223Þj (2)

Taking only the first two terms (i 5 j 5 1) in eq. (2) results in

the Mooney–Rivlin strain energy function:

W ¼
X1

i1j¼1

CijðI123ÞiðI223Þj ¼ C10ðI123Þ1C01ðI223Þ (3)

Substituting eq. (3) into eq. (1) yields

r

ðk2k22Þ
¼ 2C101

1

k
2C01 (4)

Through the plotting of r/(k 2 k22) versus 1/k, the constants

C10 and C01 can be estimated.

Yeoh Strain Energy Function

On the basis of the experimental observations, Yeoh17 has

noticed that @W/@I1 is much greater than @W/@I2. Therefore,

Yeoh proposed that the second term be neglected in generalized

Figure 1. Chemical structures of the components used in the epoxy-based

SMP. Reprinted with permission from ref. 25. Copyright 2009 Elsevier.
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strain energy function, as shown in eq. (3), which resulted in

Yeoh’s model:

W ¼
X1
i¼1

CiðI123Þi ¼ C10ðI123Þ1C20ðI123Þ1C30ðI123Þ (5)

The substitution of eq. (5) into eq. (1) yields

r

ðk2k22Þ
¼ 2C1014C20ðI123Þ16C30ðI123Þ2 (6)

Through the plotting of r/(k 2 k22) versus (I1 2 3), the con-

stants C10, C20, and C30 can be estimated.

Ogden Strain Energy Function

In contrast with the invariant-based strain energy function,

Ogden proposed to derive W in terms of stretch ratios; this

results in a stretch-based strain energy function:18,19

W ¼
Xn

i¼1

ln

an

ðkan

1 1kan

2 1kan

3 23Þ (7)

where ln and an are material constants. In simple tension or

compression, we have k1 5 k and k2 5 k3 5 k21/2. With the first

two terms, eq. (8) reduces to

W ¼ l1

a1

ðka1 12k2
a1
2 23Þ1 l2

a2

ðka2 12k2
a2
2 23Þ (8)

The substitution of eq. (9) into eq. (1) yields

r ¼ l1ðka1212k2
a1
2
21Þ1l2ðka2212k2

a2
2
21Þ (9)

By curve fitting, the constants l1,a1, l2, and a2 can be

estimated.

Neo–Hooke Strain Energy Function

On the basis of the physics of polymer chain networks, a few

micromechanical-based strain energy functions have been devel-

oped. The simplest one among those types of functions is the

Neo–Hooke model:20

W ¼ C10ðI123Þ (10)

where C10 is equal to 1=2nkT, n is the chain density per unit of

volume, k is the Boltzmann constant, and T is the absolute tem-

perature. The only material parameter, C10, denotes the initial

shear modulus, l 5 2C10.

Substituting eq. (11) into eq. (1) yields

r

ðk2k22Þ
¼ 2C10 (11)

Through the plotting of r versus (k 2 k22), the constant C10

can be estimated.

Arruda–Boyce Strain Energy Function

Arruda and Boyce recently developed a new micromechanics-

based strain energy function:21

W ¼ l
X5

i¼1

Ci

N i21
ðI i

123iÞ; ½C1;C2;C3;C4;C5�

¼ 1

2
;

1

20
;

11

1050
;

19

7000
;

519

673750

� �
(12)

where N is the number of Kuhn segments per polymer chain.

Through the solution of eq. (13), the stress–stretch relation in

simple tension or compression can be obtained:

r

ðk2k22Þ
¼
X5

i¼1

2liCi

N i21
ðI i21

1 Þ (13)

By curve fitting, the constants l and N can be estimated.

In this study, the coefficients of various strain energy functions

were determined with the curve-fitting utility in a commercial

finite element (FE) program, ABAQUS.22 A unit-cell element

was built in a Cartesian coordinate system with the axes x1, x2,

and x3 (Figure 2). To evaluate the hyperelastic behavior of the

SMP, the continuous, reduced-integration, hybrid element

(C3D8RH) was used. To conduct compressive testing, a dis-

placement was assigned to a node at the top of the specimen to

allow it to deform in the longitudinal axis (x2 direction). The

specimen was free to extend or contract in the x1 and x3 direc-

tions. The experimental stress–strain data, as shown in Table A.I

in the appendix, were entered into the program to compute the

coefficients of the strain energy functions.

Figure 2. Unit-cell FE model and flowchart used for computing the stress

and strain. [Color figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]
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RESULTS AND DISCUSSION

Transition Temperature

Figure 3 depicts the heat flow versus temperature response of

this SMP as measured by DSC. Tg of the SMP was determined

as the temperature corresponding to the maximum heat flow:

Tg � 43�C. The transition region started at about 39�C and

ended at about 46�C. The SMP could be classified as in the

glassy state below 39�C and in the rubbery state above 46�C.

Mechanical Behavior

The mechanical responses of this SMP were examined in com-

pression mode at temperatures spanning all three regions of the

polymer: glassy region (30 and 35�C), glassy-to-rubbery transi-

tion region (45�C), and rubbery region (50 and 55�C). Figure 4

shows the isothermal compressive stress–strain curves of the

SMP at various temperatures. The complete stress–strain data

are summarized in Table A.I in the appendix. The material dis-

played typical hyperelastic behavior in the rubbery regions

above Tg. At temperatures below Tg, the material showed inelas-

tic behavior. With increasing strain, the material started to

undergo stress softening. As the temperature changed from the

glassy state to the rubbery state, the amounts of stress required

to achieve the same level of strain decreased dramatically. For

example, the stress required to configure the SMP at 30% strain

in the glassy state was 32 MPa, whereas the stress to configure

the SMP at the same strain in the rubbery state was only 4.5

MPa. This corresponded to a drop of 86%.

Predictions with Strain Energy Functions

The stress–strain responses of the SMP have been modeled with

commonly used strain energy functions (Mooney–Rivlin, Yeoh,

Neo–Hooke, Arruda–Boyce, and Ogden). Figures 5–9 show the

predicted results at various temperatures.

Figures 5 and 6 show the stress–strain responses of the SMP

above the Tg (50 and 55�C) predicted from various strain

energy functions. In the rubbery state, the SMP behaved like a

typical unfilled rubber. The stresses increased slowly with

increasing strain, without any sudden upturns or downturns.

Most strain energy functions could successfully predict the

responses of the SMP at this state.

As the material moved to the transitional state (45�C; Figure 7)

and the glassy state (35 and 30�C; Figures 8 and 9), the stress–

strain curves displayed some sudden changes, with noticeable

stress softening after the yield points. In those cases, some strain

Figure 3. DSC results showing Tg of the SMP.

Figure 4. Compressive stress–strain responses of the SMP at various tem-

peratures (30–55�C). [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Figure 5. Compressive stress–strain responses of the SMP at 55�C.

[Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 6. Compressive stress–strain responses of the SMP at 50�C. [Color figure

can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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energy functions failed to properly capture the responses. The

micromechanical-based models, Neo–Hooke and Arruda–Boyce,

were derived from molecular chain statistics. The stress–strain

responses were mostly predicted by l of the molecular chain

stretching, 2C10 in the Neo–Hooke model, and l in the

Arruda–Boyce model. As presented in Table I, the l values pre-

dicted from these two models were exactly the same. Because

only uniaxial data was used in this study, the second term (N)

in the Arruda–Boyce model did not seem to have played any

significant role. Therefore, the stress–strain curves predicted

from the Arruda–Boyce model overlapped with those from the

Neo–Hooke model. Overall, the predictions from the

micromechanics-based models deviated from the experimental

data because of some significant turns that were present.

Some phenomenological-based models, such as the Mooney–

Rivlin and Yeoh models, could capture the initial responses of

the material, but they became unstable at large strains. In all

Figure 7. Compressive stress–strain responses of the SMP at 45�C. [Color

figure can be viewed in the online issue, which is available at wileyonline-

library.com.]

Figure 8. Compressive stress–strain responses of the SMP at 35�C. [Color

figure can be viewed in the online issue, which is available at wileyonline-

library.com.]

Figure 9. Compressive stress–strain responses of the SMP at 30�C. [Color

figure can be viewed in the online issue, which is available at wileyonline-

library.com.]

Table I. Comparisons of the Coefficients of the Neo–Hooke and Arruda–

Boyce Models

Temperature Neo–Hooke Arruda–Boyce

C10 l N

30�C 25.979 51.958 1159.214

35�C 11.121 22.243 1577.362

45�C 3.763 7.526 1836.209

50�C 2.307 4.548 3.114

55�C 1.590 2.859 1.037

Table II. Summary of the Ogden Coefficients

Temperature l1 a1 l2 a2

30�C 380.920 18.333 2182.824 29.277

35�C 241.345 13.313 2117.241 26.701

45�C 73.8194 14.690 235.211 27.425

50�C 16.5839 11.603 26.782 26.084

55�C 2.25313 2.064 20.820 22.152

Figure 10. Variations of aili in the Ogden model.
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cases, the Ogden models seemed to have provided excellent fits

to the experimental data. The coefficients of the Ogden models

for this SMP are summarized in Table II. In the Ogden model,

the free energy density is formulated as a finite sum of scaled

powers of the principal stretches, ki [eq. (10)]. There are 2i

material constants in the model, the shear modulus, li, and the

dimensionless exponent, ai, and the sum of these two constants

is the classical shear modulus:19

Xn

i¼1

liai ¼ 2l (14)

For the model to be stable, liai> 0 has to be satisfied. Examin-

ing the values of liai shown in Figure 10, we observed that the

conditions for stability were met in all cases. Comparisons of

the stress–strain curves between the Ogden models and experi-

mental measurements for all of the temperatures are depicted in

Figure 11.

The Ogden model was tested further with two additional SMP

material systems available in the literature: an epoxy-based

SMP23 and an aramid-based SMP.24 Detailed information about

Figure 11. Comparisons of the stress–strain responses of the SMP between

the experimental data and the Ogden model. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]
Figure 12. Strain–temperature profiles showing the shape recovery of the

SMP. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 13. Contours of the compressive strain (LE22 - logarithmic strain in vertical direction) showing the process of shape recovery of the SMP: (a)

original shape (heated to 60�C), (b) step 1 (compressed to a strain of 17.5%), (c) step 2 (temperature lowered to 12�C; the strain increased to 19.5%

because of thermal contraction), (d) step 3 (compression removed), and (e) step 4 (heated to 60�C again; the strain recovered to �0%). [Color figure

can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the materials and the predictions are given in the appendix.

Overall, the Ogden model provided good predictions of the

stress–strain responses of the materials.

Characterization and Modeling of the Shape Recoveries

The shape-recovery ability is important to SMPs because it is

the indication of a material’s ability to return to its original

shape upon programming. The unconstrained shape-recovery

tests were conducted according to the standard thermomechani-

cal cycle. Figure 12 shows a breakdown of the complete shape-

memory cycle. The material was first heated to a temperature

above its glass transition, 60�C. After the temperature had

reached equilibrium, the sample was deformed to a compressive

strain of approximately 17.5% (step 1). The deformed material

was then cooled a temperature below its glass transition, 12�C
(step 2). After cooling, the constraint was released, and a per-

manent shape was fixed on the sample (step 3). This step also

showed the material’s shape fixity, which was its ability to hold

a shape after it was deformed. The level of fixing strain was

approximately 19.5% at this point; this was slightly increased

from the original (17.5%) because of the thermal contraction of

the polymer as the temperature dropped from 60 to 12�C.

Finally, the material was reheated to the starting temperature of

the thermomechanical cycle, 60�C, to recover its shape freely

(step 4). The SMP’s recovery characteristics could be illustrated

by the production of a shape-memory plot of the strain versus

temperature. From this plot, the linear shape-recovery ratio (R)

could be estimated:

R ¼ ð12
ef

ei

Þ3100 (15)

where ei and ef are the initial and final strains of the cylindrical

specimens, respectively. We observed that after the final step,

the SMP returned completely to its original position, and the

estimated linear R was 100%.

The shape-recovery process under unconstrained conditions

could be simulated through the FE method with the Ogden

strain energy function (Table II). The commercial nonlinear FE

code ABAQUS was used.22 The actual cylinder-shaped specimen

was modeled with axisymmetric, hybrid elements, and the com-

pression platen was modeled with a rigid surface. The contact

between the specimen and indenter was treated as frictionless.

The base of the specimen was constrained in the vertical direc-

tion, whereas the nodes along the center line were constrained

in the horizontal direction. The displacements of the rigid sur-

face were controlled through a reference node, and the reactant

force of the reference node was calculated. The numerical mod-

eling of the shape configuration processes followed the same

four steps used in the experiment (described previously). Figure

12 shows the comparison between the numerical simulation

and the experiments. Figure 13 shows the breakdown of each

thermomechanical cycle. We observed that the FE simulations

of the shape-recovery processes with the Ogden model agreed

very well with the experimental measurements.

CONCLUSIONS

An epoxy-based SMP was fabricated as a candidate material for

reconfigurable structures and devices. The stress–stain behaviors

of the SMP were characterized through compressive tests at var-

ious temperatures. Overall, the SMP exhibited nonlinear, finite

deformation in all regions. To capture the complex stress–strain

responses across various temperature regimes, strain-energy-

based modeling was used. Among all of the models, the stretch-

based Ogden model provided the best fit to the stress–strain

responses. The shape-recovery ability of the SMP was also

examined according to the standard programing cycle. The

results show that the SMP could fully recover its original shape

under unconstrained conditions. The shape-recovery processes

could be simulated well by the Ogden model.
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APPENDIX

Summary of the Experimental Stress–Strain Data of the SMP

Table A.I summarizes the nominal stress–strain data of the SMP

at various temperatures. The data were entered as nominal

strain–nominal stress under Uniaxial Test Data in the unit-cell

FE model.

Table A.I. Experimental Stress–Strain Data for the SMP Used in the FE

Model

Strain Stress (MPa)

30�C 35�C 45�C 50�C 55�C

0.000 0.156 0.690 0.006 0.546 0.038

0.020 10.130 7.066 2.486 0.829 0.175

0.040 16.920 12.480 3.682 1.078 0.359

0.060 20.580 15.630 4.397 1.327 0.590

0.080 22.760 17.650 4.875 1.545 0.804

0.100 24.280 19.000 5.312 1.794 1.035

0.120 25.250 20.110 5.621 2.046 1.356

0.140 26.120 21.030 6.054 2.387 1.617

0.160 26.890 21.800 6.457 2.670 1.891

0.180 27.610 22.350 6.830 2.998 2.152

0.200 28.210 22.910 7.233 3.373 2.550

0.220 28.900 23.460 7.637 3.779 2.854

0.240 29.510 24.000 8.135 4.198 3.192

0.260 30.160 24.590 8.599 4.652 3.650

0.280 30.870 25.190 9.172 5.184 4.142

0.300 31.520 25.960 9.731 5.713 4.617

0.320 26.800 10.370 6.306 5.152

0.340 27.870 11.170 7.009 5.764

0.360 29.350 11.980 7.776 6.132

0.380 31.040 12.910 8.601

0.400 33.360 14.010 9.618

0.420 15.250 10.820

0.440 16.630 12.270

0.460 18.020 14.000

0.480 16.160
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Figure A.1. Predictions of the stress–strain responses of an epoxy-based SMP with the Ogden model: (a) 25, (b) 90, and (c) 130�C.

Figure A.2. Predictions of the stress–strain responses of an aramid-based SMP with the Ogden model: (a) P2, (b) P6, (c) P8, (d) P11, (e) P16, and (f) P18.
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VALIDATION OF THE OGDEN MODEL WITH ADDITIONAL
SMP MATERIAL SYSTEMS

The Ogden model was further tested with two additional SMP

material systems: an epoxy-based SMP23 and an aramid-based

SMP.24

The epoxy-based SMP had a Tg of 105�C. The stress–strain

responses of the SMP were comprehensively characterized at

various regions (glassy, transitional, and rubbery regions) by

tensile testing.23 The comparisons of the Ogden model and

experimental measurements for the epoxy-based SMP are shown

in Figure A.1.

The aramid based SMP was synthesized by the reaction of an

aminobenzoyl-terminated polycaprolactone with terephthaloyl

chloride. A series of SMPs were subsequently made by the mod-

ification of the polycaprolactone composition, as summarized in

Table A.II. The stress–strain responses of the SMPs were charac-

terized at room temperature by tensile testing.24 The compari-

sons of the Ogden model and experimental measurements for

the aramid-based SMP are shown in Figure A.2.

Overall, the Ogden model provided good predictions of the

stress–strain responses of these materials.
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